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a b s t r a c t
Since Cohen introduced the competition graph in 1968, the competition graph has been
studied widely and many variations of it have been discussed. In 2000, Cho, Kim and Nam
defined and studied the m-step competition graph and computed the 2-step competition
numbers of paths and cycles. Recently, Ho gave bounds for them-step competitionnumbers
of paths and cycles. In this paper we continue to study them-step competition numbers of
paths and cycles, partially improve the results of Ho on the upper bounds of the m-step
competition numbers of paths and cycles, and show that a conjecture posed by Ho is not
true.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
In 1968, the notion of the competition graph was introduced by Cohen [2] in connection with a problem in ecology. Let
D = (V , A) be a digraph in which V is the vertex set and A the set of directed arcs. The competition graph C(D) of D is the
undirected graph Gwith the same vertex set as D and with an edge uv ∈ E(G) if and only if there exists some vertex x such
that (u, x), (v, x) ∈ A(D). We say that a graph G is a competition graph if there exists a digraph D such that C(D) = G.
Roberts [9] observed that adding sufficientlymany isolated vertices to an arbitrary graphG allows it to be the competition
graph of some acyclic digraph. The minimum such number of isolated vertices is called the competition number of the graph
G and is denoted by k(G). It is difficult to compute the competition number of a graph in general as Opsut [8] has shown
that the computation of the competition number of a graph is an NP-hard problem. Till now the competition numbers are
known just for some special graph classes, see [5–7]. We use Ir to denote the graph consisting only of r isolated vertices, and
G ∪ Ir the graph consisting of the disjoint union of G and Ir .
In 2000, Cho et al. [1] introduced the notion of the m-step competition graph. Given a digraph D and a positive integer
m, if there is a directed walk of length m from a vertex x to a vertex y in D, we call y an m-step prey of x, and if a vertex w
is an m-step prey of both vertices u and v, then we say that w is an m-step common prey of u and v. The m-step competition
graph of D, denoted by Cm(D), has the same vertex set as D and an edge between vertices x and y if and only if x and y have
an m-step common prey in D. A graph is an m-step competition graph if it is the m-step competition graph of a digraph.
The m-step competition number k(m)(G) of G is the smallest number k such that G ∪ Ik is them-step competition graph of an
acyclic digraph.
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Throughout the paper, we let Pn denote the path on n vertices and Cn the cycle on n vertices. For all undefined notations,
see [1,3,4].
There are two types of questions often asked about the m-step competition graph: Given a class of graphs, are they m-
step competition graphs, and what are theirm-step competition numbers? Cho et al. [1] determined the 2-step competition
numbers for paths and cycles, and posed the question: For what values of m and n is Pn an m-step competition graph?
Helleloid [3] proved that Pn is an m-step competition graph for m = n − 1 and m = n − 2, and for m ≥ n, the only
connected triangle-free m-step competition graph on n vertices is the star graph. Ho [4] gave upper and lower bounds
for the m-step competition numbers of Pn and Cn, and exactly computed the m-step competition numbers of Pn in many
cases.
In this paper we continue to study the m-step competition numbers of paths and cycles. In Section 2, we provide some
upper bounds of k(m)(Pn) for m ≥ 4 and n ≥ 2m + 5, which slightly improve the results in [4], and show that a conjecture
posed by Ho is not true. In Section 3, we focus on the upper bounds of k(m)(Cn), and improve the results of Ho [4] for several
special cases.
2. Upper bounds of k(m)(Pn)
For triangle-free connected graphs, Roberts [9] proved the following theorem.
Theorem 1 (Roberts [9]). If G is a connected graph with no triangles, then k(G) = |E(G)| − |V (G)| + 2.
As a special case of Theorem 1, k(Pn) = 1 for any integer n ≥ 2. Cho et al. [1] determined the 2-step competition numbers
for paths as follows.
Theorem 2 (Cho et al. [1]). For any integer n ≥ 2, k(2)(Pn) = 2.
Form ≥ 3, Ho [4] provided the following results.
Theorem 3 (Ho [4]). For m ≥ 3 and n ≥ m+ 4, the m-step competition number k(m)(Pn) ≥ m+ 1.
Theorem 4 (Ho [4]). Let m ≥ 3.
(i) For n ≤ m+ 3, k(m)(Pn) = m;
(ii) For m+ 4 ≤ n ≤ 2m+ 4, k(m)(Pn) = m+ 1;
(iii) For n ≥ 2m+ 5,
m+ 1 ≤ k(m)(Pn) ≤
{
2m, for n ≡ −1, 0, 1(mod m);
2m+ 1, otherwise.
As a special case form = 3, they also proved the following results.
Corollary 5 (Ho [4]).
k(3)(Pn) =
{
3, for n ≤ 6;
4, for n ≥ 7.
Form ≤ 3, the problem for computing them-step competition numbers of paths is closed. Form ≥ 4, we know the exact
values of k(m)(Pn)when n ≤ 2m+ 4. As a partial improvement, we show that form ≥ 4 and n ≥ 2m+ 5, the upper bounds
of k(m)(Pn) in Theorem 4 may be reduced by at least 1.
Theorem 6. Let m ≥ 4.
(i) If n = 2m+ k+ 4, where 1 ≤ k ≤ m− 2, then k(m)(Pn) ≤ m+ k;
(ii) If n ≥ 3m+ 4, then
k(m)(Pn) ≤
{2m− 2, for n ≡ −2,−1, 0(mod m);
2m− 1, for n ≡ 1(mod m);
2m, otherwise.
(iii) If n = 3m+ 3, then
k(m)(Pn) ≤
{
2m− 2, m = 4, 5;
2m− 1, m ≥ 6.
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Fig. 1. A digraph whose 4-step competition graph is P13 ∪ I5 .
Fig. 2. A digraph whose 5-step competition graph is P17 ∪ I8 .
Fig. 3. A digraph whose 4-step competition graph is P18 ∪ I6 .
Proof. (i) We prove the case for 1 ≤ k ≤ m− 1. Suppose n = 2m+ k+ 4 where 1 ≤ k ≤ m− 1. We construct a digraph D
such that Cm(D) = Pn ∪ Im+k. Let D′ have vertices v1, v2, . . . , vn+m, w1, . . . , wk with the following arcs:
(vi, vi+1), for 1 ≤ i ≤ n+m− 1,
(vm+k−1, vm+k+1),
(vm+k, vm+k+2),
(v2m+k+1, v2m+k+3),
(v2m+k+2, v2m+k+4),
(vm, vn+m),
(vn+m−1, wk), and
(v2m+k+1, wk).
If k = 1, let D = D′. If k = 2, add arcs (vm, w1) and (vm+1, w1) to D′ to obtain D. If k ≥ 3, add arcs (vm, w1), (vm+1, w1)
and (wi, wi+1) to D′ to obtain D, where i = 1, 2, . . . , k − 2. Then in fact Cm(D) = Pn ∪ Im+k, where Pn =
vm+k+1vm+k . . . v1vnvm+k+2vm+k+3 . . . vn−1. So we have km(Pn) ≤ m+ k, where 1 ≤ k ≤ m− 1. The digraph D constructed
form = 4 and n = 13 (k = 1) is shown in Fig. 1, and the digraph D constructed form = 5 and n = 17 (k = m− 2 = 3) is
shown in Fig. 2.
(ii) We prove the case for n ≥ 3m + 3. Suppose n ≡ −2,−1, or 0(mod m). Write n = qm − r , where q, r ∈ Z and
0 ≤ r ≤ 2. Let pii = vivm+i . . . vsm+i for 1 ≤ i ≤ m, where s is the largest integer in Z such that sm + i ≤ n. Denote the
reverse of pii by pii. We construct a digraph D such that Cm(D) = Pn ∪ I2m−2. Let D have vertices v1, v2, . . ., vn+m,w1,w2, . . .,
wm−2 with the following arcs:
(vi, vi+1), for 1 ≤ i ≤ n+m− 1,
(vim, v(i+1)m+1), for 1 ≤ i ≤ q− 1,
(wi, wi+1), for 1 ≤ i ≤ m− 3,
(v1, vm+1),
(vm+1, w1), and
(vqm, w1).
Then in fact Cm(D) = Pn ∪ I2m−2, where Pn = pimpi1pi2 . . . pim−1. So we have k(m)(Pn) ≤ 2m− 2. The digraph D constructed
form = 4 and n = 18 (r = 2) is shown in Fig. 3.
Suppose n ≡ 1(mod m). Write n = qm + 1, where q ∈ Z. As before let pii = vivm+i . . . v(q−1)m+i for 1 ≤ i ≤ m.
We construct a digraph D such that Cm(D) = Pn ∪ I2m−1. Let D have vertices v1, v2, . . . , vn+m, w1, w2, . . . , wm−1 with the
following arcs:
(vi, vi+1), for 1 ≤ i ≤ n+m− 1,
(vim, v(i+1)m+1), for 1 ≤ i ≤ q− 1,
(wi, wi+1), for 1 ≤ i ≤ m− 2,
(v1, vn+1),
(vm+1, w1), and
(vqm, w1).
Then in fact Cm(D) = Pn ∪ I2m−1, where Pn = vnpi1pi2 . . . pim. So we have k(m)(Pn) ≤ 2m− 1. The digraph D constructed for
m = 4 and n = 17 is shown in Fig. 4.
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Fig. 4. A digraph whose 4-step competition graph is P17 ∪ I7 .
Fig. 5. A digraph whose 5-step competition graph is P22 ∪ I10 .
Suppose n ≡ 2, 3, . . . ,m− 3(mod m). Write n = qm+ r , where q, r ∈ Z and 2 ≤ r ≤ m− 3. We construct a digraph D
such that Cm(D) = Pn ∪ I2m. Let D have vertices v1, v2, . . ., vn+m,w1,w2, . . .,wm with the following arcs:
(vi, vi+1), for 1 ≤ i ≤ n+m− 1,
(vim, v(i+1)m+1), for 1 ≤ i ≤ q− 1,
(wi, wi+1), for 1 ≤ i ≤ m− 2,
(vm+1, w1),
(vqm, w1),
(vm, wm),
(v(q+1)m, wm), and
(v(q+1)m, v(q+1)m+2).
Then in fact Cm(D) = Pn ∪ I2m, where Pn = vnvn−1 . . . vqm+1pi1pi2 . . . pim. So we have k(m)(Pn) ≤ 2m. The digraph D
constructed form = 5 and n = 22 (r = 2) is shown in Fig. 5.
(iii) Note that if n = 3m+ 3, by the proof of (ii),
k(m)(Pn) ≤
{
2m− 2, m = 4, 5;
2m, m ≥ 6.
By the proof of (i), k(m)(Pn) ≤ 2m− 1. So we have
k(m)(Pn) ≤
{
2m− 2, m = 4, 5;
2m− 1, m ≥ 6. 
Ho [4] conjectured that k(m)(Pn) ≥ m+ 2 for n ≥ 2m+ 5. By Theorems 3 and 6(i), we have k(m)(Pn) = m+ 1 form ≥ 4
and n = 2m+ 5, which shows that the conjecture is not true.
3. Upper bounds of k(m)(Cn)
It is known that k(C3) = 1. By Theorem 1, k(Cn) = 2 for n ≥ 4. Cho et al. [1] proved k(2)(C3) = 2 and k(2)(Cn) = 4 for
n ≥ 4. For the general case, Ho [4] provided the following results.
Theorem 7 (Ho [4]). Let m ≥ 2 and n ≥ 4.
(i) If n ≤ m, then k(m)(Cn) ≤ 2m.
(ii) If n > m, let r be the residue of n modulo m, i.e., the integer such that r ≡ n(mod m) and 0 ≤ r < m. Then
k(m)(Cn) ≤
{
2m+ 1, for r = 0, 1;
2m+ r, otherwise.
Wenow improve on the upper bounds of k(m)(Cn). Note that the following theorem includes some unimproved cases(n ≥
m+ 4 and n 6= m− 1(mod m)).
Theorem 8. Let m ≥ 2 and n ≥ 4.
(i) If n ≤ m, then k(m)(Cn) ≤ n+m− 1.
(ii) If m+ 1 ≤ n ≤ m+ 3, then k(m)(Cn) ≤ 2m.
(iii) Let n ≥ m+ 4 and let r be the integer such that n ≡ r(mod m) and 0 ≤ r < m. Then
k(m)(Cn) ≤
{
2m+ 1, for r = 0, 1,m− 1;
2m+ r, otherwise.
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Fig. 6. A digraph whose 5-step competition graph is C4 ∪ I8 .
Fig. 7. A digraph whose 4-step competition graph is C6 ∪ I8 .
Fig. 8. A digraph whose 4-step competition graph is C11 ∪ I9 .
Proof. (i) Suppose n ≤ m. Let D be the digraph with vertices v1, . . . , vn+m, w1, . . . , wn−1 and arcs as follows:
(vi, vi+1), for 1 ≤ i ≤ n+m− 1,
(wi, wi+1), for 1 ≤ i ≤ n− 2,
(vm, vm+2),
(vm+1, w1), and
(vm, wn−1).
Then C (m)(D) = Cn ∪ In+m−1, where Cn consists of the consecutive vertices v1, . . . , vn. The digraph D constructed form = 5
and n = 4 is shown in Fig. 6.
(ii) Suppose n = m + k, where k ∈ {1, 2, 3}. Let D′ be the digraph with vertices v1, . . . , vn+m, w1, . . . , wm and arcs as
follows:
(vi, vi+1), for 1 ≤ i ≤ n+m− 1,
(wi, wi+1), for 1 ≤ i ≤ m− 1,
(vm, vm+2),
(vm+1, vm+3),
(vm+2, w1), and
(vm, wm).
If k = 1, we obtain D from D′ by deleting arcs (vm+1, vm+3) and (vm+2, w1) from D′ and then adding the arc (vm+1, w1) to D′.
If k = 2, let D = D′. If k = 3, in order to get D, we delete the arc (vm, wm) from D′, and add arcs (vm, vn+m) and (vn+m−1, wm)
to D′. Then for each k ∈ {1, 2, 3}, the corresponding digraph D now satisfies C (m)(D) = Cn ∪ I2m. An example form = 4 and
n = 6 (k = 2) is shown in Fig. 7.
(iii) Suppose n ≥ m+4 and n = qm−1where q ∈ Z. LetD be the digraphwith vertices v1, . . . , vn+m, w1, . . . , wm, wm+1
and arcs as follows:
(vi, vi+1), for 1 ≤ i ≤ n+m− 1,
(wi, wi+1), for 1 ≤ i ≤ m− 1,
(vim−1, v(i+1)m), for 1 ≤ i ≤ q− 1,
(vm+1, w2),
(vn, w1),
(vm, wm+1), and
(vn, wm+1).
Then it is easy to check that D satisfies C (m)(D) = Cn ∪ I2m+1, where Cn consists of the consecutive vertices v1, . . . , vn. An
example form = 4 and n = 11 is shown in Fig. 8.
For the proof of the remaining cases, please see [4]. 
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